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Hierarchical Correlation Clustering (HCC)

* € layers of complete graphs (on the same vertex set)
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Hierarchical Correlation Clustering (HCC)

* € layers of complete graphs (on the same vertex set)
 each edge is labeled [+] or i—|
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Hierarchical Correlation Clustering (HCC)

* € layers of complete graphs
« £ weights 6),..., 6¢) >0
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Hierarchical Correlation Clustering (HCC)

(partitions)

* £ layers of complete graphs e find clusterings PV, ..., P(*)
« £ weights 6),..., 6¢) >0
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Hierarchical Correlation Clustering (HCC)

(partitions)
* € layers of complete graphs ¢ find clusterings PO, . pW
* € weights 611),..., 61 > 0 s.t. PO subdivides P+ forall t < &
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Hierarchical Correlation Clustering (HCC)

(partitions)

* £ layers of complete graphs e find clusterings PV, ..., P(*)
* € weights 611),..., 61 > 0 s.t. PO subdivides P+ forall t < &
+H =
ES®, E® Cﬁ Pp(3) 50)
subdivide
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Hierarchical Correlation Clustering (HCC)

* ¢ layers of complete graphs e find hierarchical clusterings PV, ..., P
« £ weights 6),..., 6¢) >0
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Hierarchical Correlation Clustering (HCC)

* ¢ layers of complete graphs -« find hierarchical clusterings PV, ..., P

* £ weights 6,..., 61¥ 2 0 minimizing 2, 8- (#disagreements at layer t)
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Hierarchical Correlation Clustering (HCC)

* ¢ layers of complete graphs -« find hierarchical clusterings PV, ..., P

* £ weights 6,..., 61¥ 2 0 minimizing 2, 8- (#disagreements at layer t)

o
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N
N

Definition. An edge is a disagreement if

o[+

edge and endpoints are separated

*—'edge and endpoints are clustered
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Hierarchical Correlation Clustering (HCC)

* ¢ layers of complete graphs -« find hierarchical clusterings PV, ..., P

* £ weights 6,..., 61¥ 2 0 minimizing 2, 8- (#disagreements at layer t)

Definition. An edge is a disagreement if
*|+|edge and endpoints are separated
*—'edge and endpoints are clustered
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Hierarchical Correlation Clustering (HCC)

* ¢ layers of complete graphs -« find hierarchical clusterings PV, ..., P

* £ weights 6,..., 61¥ 2 0 minimizing 2, 8- (#disagreements at layer t)

Definition. An edge is a disagreement if
*|+|edge and endpoints are separated
*—'edge and endpoints are clustered
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Hierarchical Correlation Clustering (HCC)

* ¢ layers of complete graphs -« find hierarchical clusterings PV, ..., P

* £ weights 6,..., 61¥ 2 0 minimizing 2, 8- (#disagreements at layer t)

3 disagreements (at laver 3)

Definition. An edge is a disagreement if
*|+|edge and endpoints are separated
*—'edge and endpoints are clustered

13



Hierarchical Correlation Clustering (HCC)

* ¢ layers of complete graphs -« find hierarchical clusterings PV, ..., P

* £ weights 61),..., 6¥ 20 minimizing Z, 6t (#disagreements at layer t)
3 disagreements 5(3)
2 disagreements 6

3 disagreements 51
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Hierarchical Correlation Clustering (HCC)

* ¢ layers of complete graphs -« find hierarchical clusterings PV, ..., P

* £ weights 6,..., 61¥ 2 0 minimizing 2, 8- (#disagreements at layer t)

3 disagreements x 6B} —

2 disagreements X 6% —® = total cost

3 disagreements x 61 ___
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Hierarchical Correlation Clustering (HCC)

* ¢ layers of complete graphs « find hierarchical clusterings PV, ..., P&
* & weights 6'%),..., 6¥1 20 minimizing 2, 6"9-(#disagreements at layer t)

* HCC generalizes Correlation Clustering
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Hierarchical Correlation Clustering (HCC)

* ¢ layers of complete graphs -« find hierarchical clusterings PV, ..., P
* £ weights 6,..., 61¥ 2 0 minimizing 2, 8- (#disagreements at layer t)

* HCC generalizes Correlation Clustering

* HCC generalizes l.1 Ultrametric Fitting! [Harb, Kannan, and McGregor, 2005]
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Hierarchical Correlation Clustering (HCC)

* ¢ layers of complete graphs -« find hierarchical clusterings PV, ..., P

* £ weights 6,..., 61¥ 2 0 minimizing 2, 8- (#disagreements at layer t)

* HCC generalizes Correlation Clustering

* HCC generalizes l.1 Ultrametric Fitting! [Harb, Kannan, and McGregor, 2005]

* Harb, Kannan, and McGregor (2005)

* Ailon and Charikar (2005)
* Cohen-Addad, Das, Kipouridis, Parotsidis, and Thorup (2021)
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Ultrametric Fitting

* Ultrametric Fitting

Given a distance function D, find an ultrametric T that “best fits” D
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Ultrametric Fitting

* Ultrametric Fitting

Given a distance function D, find an ultrametric T that “best fits” D

all root—leaf paths have equal length

—————— | - = =25

e - = =10
- — o - I

example of an

unltrametric @
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Ultrametric Fitting

* Ultrametric Fitting

Given a distance function D, find an ultrametric T that “best fits” D

[Sneath and Sokal, 1962], [Cavalli-Sforza and Edwards, 1967],

* ExtenSIVer StUdIEd SInce 19605 [Farris, 1972], [Agarwala, Bafna, Farach, Paterson, and Thorup, 1996]

* Numerical taxonomy, phylogeny reconstruction
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Ultrametric Fitting

* Ultrametric Fitting

Given a distance function D, find an ultrametric T that “best fits” D

. . . [Sneath and Sokal, 1962], [Cavalli-Sforza and Edwards, 1967],
o
EXtenSIVely StUdIEd SInce 19605 [Farris, 1972], [Agarwala, Bafna, Farach, Paterson, and Thorup, 1996]

* Numerical taxonomy, phylogeny reconstruction

* L, Ultrametric Fitting: best fit = minimize ||D — T||; — Z4PG7) =TGN

* L, Ultrametric Fitting: best fit = minimize ||D — T||; — XZUDG ) # TG )]
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Ultrametric Fitting

* Ultrametric Fitting

Given a distance function D, find an ultrametric T that “best fits” D

. . . [Sneath and Sokal, 1962], [Cavalli-Sforza and Edwards, 1967],
o
EXtenSIVely StUdIEd SInce 19605 [Farris, 1972], [Agarwala, Bafna, Farach, Paterson, and Thorup, 1996]

* Numerical taxonomy, phylogeny reconstruction

(special case of HCC)
* L, Ultrametric Fitting: best fit = minimize ||D — T||; — Z4PG7) =TGN

* L, Ultrametric Fitting: best fit = minimize ||D — T||; — XZUDG ) # TG )]
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Previous results on L, Ultrametric Fitting/HCC

e APX-hard k = #distinct distances in the
input distance function D

* min{n, O(k log n)}-approximation for L, Ultrametric Fitting
* Harb, Kannan, and McGregor (APPROX 2005)

* min{k+2, O(log n loglog n)}-approximation for L, Ultrametric Fitting
* Ailon and Charikar (FOCS 2005; SIAM J. Comput. 2011)

e first O(1)-approximation for HCC
* Cohen-Addad, Das, Kipouridis, Parotsidis, and Thorup (FOCS 2021; J. ACM 2024)
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Our results on HCC

e APX-hard k = #distinct distances in the
input distance function D

* min{n, O(k log n)}-approximation for L, Ultrametric Fitting
* Harb, Kannan, and McGregor (APPROX 2005)

* min{k+2, O(log n loglog n)}-approximation for L; Ultrametric Fitting
* Ailon and Charikar (FOCS 2005; SIAM J. Comput. 2011)

e first O(1)-approximation for HCC
* Cohen-Addad, Das, Kipouridis, Parotsidis, and Thorup (FOCS 2021; J. ACM 2024)

* Our result: 25.7846-approximation for HCC
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Previous results on L, Ultrametric Fitting

* APX-hard

e first O(1)-approximation
e Cohen-Addad, Fan, Lee, and Mesmay (FOCS 2022, SIAM J. Comput. 2025)

* 5-approximation
e Charikar and Gao (SODA 2024)

26



Our results on L, Ultrametric Fitting

* APX-hard

e first O(1)-approximation
e Cohen-Addad, Fan, Lee, and Mesmay (FOCS 2022, SIAM J. Comput. 2025)

* 5-approximation
e Charikar and Gao (SODA 2024)

* Our result: (simple) 5-approximation
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Our Algorithm for HCC



[Ailon and Charikar, 2005]
Sta n d a rd I—P [Cohen-Addad, Das, Kipouridis, Parotsidis, and Thorup, 2021]

“Distance” variable x( ) forallij€E, t € [€]

(t)
Xij
(t)
Xij

=1 = jandjare separated at layer t

= 0 = andjare clustered at layer t
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Sta N d A rd LP [Ailon and Charikar, 2905]

[Cohen-Addad, Das, Kipouridis, Parotsidis, and Thorup, 2021]

“Distance” variable x( ) forallij€E, t € [€]

(t)
Xij
(t)
Xij

=1 = jandjare separated at layer t

= 0 = andjare clustered at layer t

([+|edge is a disagreement)

(i—!edge is a disagreement)
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Sta N d A rd LP [Ailon and Charikar, 2905]

[Cohen-Addad, Das, Kipouridis, Parotsidis, and Thorup, 2021]

“Distance” variable x( ) forallij€E, t € [€]

(t)
Xij
(t)
Xij

=1 = jandjare separated at layer t

= 0 = andjare clustered at layer t

e LP relaxation

(t) (
z:L]EE(t) xU + ZLJEE(t)

(

+

edge is a disagreement)

(i—!edge is a disagreement)

(fractional) number of disagreements (at layer t)
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[Ailon and Charikar, 2005]
Sta n d a rd I—P [Cohen-Addad, Das, Kipouridis, Parotsidis, and Thorup, 2021]

“Distance” variable x( ) forallij€E, t € [€]

(t)
Xij
(t)
Xij

e LP relaxation

=1 = jandjare separated at layer t

= 0 = andjare clustered at layer t

(

+

edge is a disagreement)

(i—!edge is a disagreement)

L (t (¢
°* minimize Zte[{’] 5 (Z EE(t) xl]) + Zl]eg(t) (1 X 1)))



[Ailon and Charikar, 2005]
Sta n d a rd I—P [Cohen-Addad, Das, Kipouridis, Parotsidis, and Thorup, 2021]

“Distance” variable x( ) forallij€E, t € [€]

(t)
Xij
(t)
Xij

e LP relaxation

=1 = jandjare separated at layer t ([+|edge is a disagreement)

= (0 =iandjare clustered at layer t (i—!edge is a disagreement)

* minimize Zte[g] 5W® (Z E()xl(]t) +2 g® (1 B x(Jt)))

LjE
* subject to x satisfies the triangle inequalities for each layer

X is monotone w.r.t. layers
€ [0,1]
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Notations

* X : an optimal LP solution

. <), : ..
X the distance of ij at layer t



Useful Lemma

* X : an optimal LP solution

. =,
X

* Lemma.

. the distance of ij at layer t

#('— edges at layer t with dist < 1)

35



Useful Lemma

* X : an optimal LP solution

. <), : ..
X the distance of ij at layer t

* Lemma. 2,6 #(i—! edges at layer t with dist < 1)
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Useful Lemma

* X : an optimal LP solution

. <), : ..
X the distance of ij at layer t

* Lemma. %, 6\ #(.— edges at layer t with dist < 1) < OPT,,
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Useful Lemma

* X : an optimal LP solution

. <), : ..
X the distance of ij at layer t

* Lemma. %, 6\ #(.— edges at layer t with dist < 1) < OPT,,

“Disregarding |~ edges with distance < 1 in each layer

only incurs an additive factor of 1”
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Useful Lemma

* X : an optimal LP solution

. <), : ..
X the distance of ij at layer t

* Lemma. %, 6\ #(.— edges at layer t with dist < 1) < OPT,,

* Proved using complementary slackness & weak duality

“Disregarding |~ edges with distance < 1 in each layer

only incurs an additive factor of 1”
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Algorithm Overview

(partition)
* Construct a

for each layer t
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523): distance of e (at layer t)

Algorithm Overview

(partition)
e Construct a for each layer t

(Fix layer t)

Q < {V}

while there is Q € Q whose diameter is large,

split Q into two so that #(edges separated & dist < 1) is small
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525): distance of e (at layer t)

Algorithm Overview

(partition)
e Construct a for each layer t

(Fix layer t)

Q < {V}

while there is Q € Q whose diameter is large,

split Q into two so that #(edges separated & dist < 1) is small

* small-diameter property: every has a small diameter

 few-separated-edges property: #(edges separated by O & dist < 1) is small
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Algorithm Overview

e Construct a for each layer t

e Construct hierarchical clusterings bottom-up: *PO) = {{u}:ue V)

(at layer t) construct the clustering P*) by only merging clusters in P~
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Algorithm Overview

e Construct a for each layer t

e Construct hierarchical clusterings bottom-up: *PO) = {{u}:ue V)

(at layer t) construct the clustering P*) by only merging clusters in P~

Hierarchical constraints satisfied!
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Algorithm Overview

(Fix layer t)
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Algorithm Overview

(Fix layer t)
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Algorithm Overview

(Fix layer t)

for each at layer t,




Algorithm Overview

(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
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(roughly)

merging condition:

Algorithm Overview

(Fix layer t)

most points in P are in P’ N

for each at layer t,
find all P € P~D that satisfy a merging condition with
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
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O Oo_o
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO

@) O O00O
P @) O O 0 OO O
o /O OOOoo Oo
O o @)
0og O 9070\ L2 ° Ppt-1)
@) @) @)
A 00 005090 %Oo
O] OO O
C)O O ') o o°
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO

O O 0000

142 /,°0 Oo|9%0_0

(P) O [0 0p0 o
O Oo O 0070 :])(t—l)

@) O @)
A 00 005090 %Oo
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OOO ') o o°
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO

o 0o (C)) OOOgOCC))
7 80000000 OO O O

O 80 OO CC))OOOO - :P(t_l)
O OOOOO Oo%so O%Oo
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO

o 0o (C)) OOOgOCC))
7 80000000 OO O O

O 80 OO CC))OOOO - :P(t_l)
O OOOOO Oo%so O%Oo
C)O O ') © o o°
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO

o o OI g oooooo
O 80000000 OO @ OO

© 90y 00 ot P
O OOOOO Oo%so O%Oo
C)O O ') © o o°
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO

o 0o (C)) OOOgOCC))
7 80000000 OO O O

O 80 OO CC))OOOO - :P(t_l)
O OOOOO Oo%so O%Oo
C)O O ') © o o°
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO

o o OI g oooooo
O gOQOQOOO OO @ OO
2898 S0 o] P
O Ooooo Oo%so O%Oo
C)O O ') © o o°

57



(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P’ € PU~D that satisfy a merging condition with
let P be the merged cluster; add P to PO
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO

0 5p 0000 9 ° Ppt-1)
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P € P~D that satisfy a merging condition with
let P be the merged cluster; add P to PO

o o OI g oooooo
O gOQOQOOO OO @ OO
2898 Son of o] P
O Ooooo Oo%so O%Oo
C)O O ') © o o°
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P’ € P{—1) that satisfy a merging condition with
let P be the merged cluster; add P to PO

add all remaining unmerged clusters P’ € P{~1 o P

o o OI g oooooo
O gOQOQOOO OO @ OO
2398 Son o o] P
O Ooooo Oo%so O%Oo
C)O O ') © o o°
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(roughly)

merging condition:

Algorithm Overview

: most points in P are in P’ N
(Fix layer t)

for each at layer t,
find all P’ € P{—1) that satisfy a merging condition with
let P be the merged cluster; add P to PO

add all remaining unmerged clusters P’ € P{~1 o P

Pl o0 /05 5 * concentration property:
O /O 0O © most pointsin Parein P N

(P)
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Analysis
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Analysis Overview

(Fix layer t)

e #(disagreements)

<O(1)( Z,j 0% + 2y ep0 = 2;))

LP value at layer t
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Analysis Overview

(Fix layer t)

* #(disagreements)

<O X, p0x) + 2o =)

Objective: ¥ ¢y s (Z

x
l]EE(t)

LP value at layer t

(t) _
t z:L]EE(LL) (1 x

(£)
Lj

)

70



Analysis Overview

(Fix layer t)

 #(disagreements disregarding — edges with dist < 1)

<O X, p0x) + 2o =)

Ij€E

fgt): distance of e (at layer t)

(Useful Lemma)
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fét): distance of e (at layer t)

Analysis Overview
(Fix layer t)
» #(disagreements disregarding — edges with dist < 1) (Useful Lemma)
< O(1)-#(edges separated by O & dist <1)
<O(1)( X, 0x) +2,

ije E(t)(1 — x ) ) (few-separated-edges property)
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fét): distance of e (at layer t)

Analysis Overview

(Fix layer t)

Want:

#(disagreements disregarding — edges with dist < 1) (Useful Lemma)

< O(1)-#(edges separated by O & dist <1)

<O(1)(X, jes® %ij Oyy Lol — X 25 ) (few-separated-edges property)

Ij€E
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fgt): distance of e (at layer t)
Analysis Overview
(Fix layer t)
 #(disagreements disregarding — edges with dist < 1)
@: #(— edges clustered in P & dist = 1)
@: #(+ edges separated by P)

Want:

@ + @ <£0(1)-#(edges separated by O & dist < 1)
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fét): distance of e (at layer t)

Analysis Overview

(Fix layer t)

 #(disagreements disregarding — edges with dist < 1)
@: #(— edges clustered in P & dist = 1)
@: #(+ edges separated by P)

D £ 0(1)-#(edges separated by O & dist < 1 & clustered in P)
+) @ < O(1)-#(edges separated by O & dist < 1 & separated by P)

Want: ‘

@ + @ <£0(1)-#(edges separated by O & dist < 1)
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fét): distance of e (at layer t)
Analysis Overview
(Fix layer t)
 #(disagreements disregarding — edges with dist < 1)
@: #(— edges clustered in P & dist = 1)
@: #(+ edges separated by P)

ourfocus: () £ O(1)-#(edges separated by O & dist <1 & clustered in P)
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fét): distance of e (at layer t)

Analysis Overview (i layert)

our focus: #(— edges clustered in P & dist = 1)
< O(1)-#(edges clustered in P & separated by O & dist < 1)
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fét): distance of e (at layer t)

Analysis Overview (rixlayert, r € ?)

Our focus: #(— edges clustered in P & dist = 1)
< O(1)-#(edges clustered in P & separated by O & dist < 1)
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Analysis Overview

#(— edges clustered in P & dist = 1)

559: distance of e (at layer t)
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Analysis Overview

#(— edges clustered in P, separated by
#(— edges clustered in P\

#(— edges clustered in P N

fét): distance of e (at layer t)

& dist =1)
& dist = 1)
& dist = 1)
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Analysis Overview

#(— edges clustered in P, separated by
#(— edges clustered in P\

#(— edges clustered in P N

fét): distance of e (at layer t)

& dist =1)
& dist = 1)
& dist = 1)
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Analysis Overview

#(— edges clustered in P, separated by
#(— edges clustered in P\

#(— edges clustered in P N

fét): distance of e (at layer t)

& dist =1)
& dist = 1)
& dist = 1)
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Analysis Overview

#(— edges c
#(— edges c
#(— edges c

ustered in P, separated
ustered in P\

ustered in P N

by

P @) O 0O
o /o OQoOOO Oo
O
050 0,00%
OO @) ‘\O O O
© \©001bQo5
O O
O

fét): distance of e (at layer t)

& dist =1)
& dist = 1)
& dist = 1)
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Analysis Overview

#(— edges c
#(— edges c
#(— edges c

ustered in P, separated by
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fgt): distance of e (at layer t)

Analysis Overview
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523): distance of e (at layer t)

Analysis Overview
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: GE #(edges clustered in P\ ) --- negligible
=~  #(edges clustered in P, separated by )
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Conclusion

» 25.7846-approximation for HCC
* Main ingredients
e Useful lemma
e Cut properties (of pre-clusterings)

* 5-approximation for L, Ultrametric Fitting
* with the same ingredients

* Extension to other hierarchical clustering problems?
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Thank You
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